
The smoothing of Voronoi Intensity estimators and
its application to network point pattern data

Mohammad Mehdi Moradi1, Ottmar Cronie2, Jorge Mateu3

1Institute of New Imaging Technologies (INIT), University Jaume I, Castellon, Spain
2Department of Mathematics and Mathematical Statistics, Umeå University, Sweden
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Abstract
Adaptive/variable intensity estimators for point pro-

cesses tend to under-smooth whereas global estimators,
such as kernel estimators, tend to over-smooth the data.
In order to find some middle ground we propose an ad-
ditional smoothing technique, which is based on repeated
independent thinning of the point process/pattern in ques-
tion. We focus on linear network point processes and apply
our idea to the Voronoi intensity estimator. The recipe has
been applied to some different models and in practice it is
shown that the new estimator produces lower variance than
the original Voronoi intensity estimator.

Motor vehicle traffic accidents in Hous-
ton, USA
Specifically, the dataset consists of motor vehicle traffic accident
in a given area of Houston, USA, during the month of April, in
1999. Figure 1 shows the reference points of the 249 accidents in
question, over the street network of that area. See [1] for details.

Figure 1: Left: Motor vehicle traffic accidents in an area of Houston, USA,
during the month April of 1999. Right: Resampled intensity estimate with
p = 0.5 and n = 100.

Linear network point processes
A line segment with endpoints u ∈ R2 and v ∈ R2 \ {u} in the
Euclidean plane R2 is given by l = {tu + (1 − t)v : 0 ≤ t ≤
1} ⊆ R2, u 6= v. We define a linear network as the union

L =

k⋃
i=1

li,

of k ≥ 1 line segments li = [ui, vi]. We here use the short-
est path distance on L. We consider a simple point process
X = {x1, . . . , xn} with intensity function ρ(·) on a linear net-
work L as a random countable subset of R2;X(A) = #{X∩A}.

Resampled Voronoi intensity estimators
Definition. Given a LNPP X on a linear (sub)network L with
intensity function ρ(u), u ∈ L, and Voronoi cells Vx(X), x ∈ X ,
the Voronoi intensity estimator is given by

ρ̂V (u) = ρ̂V (u;X,L) =
∑

x∈X∩L

1{u ∈ Vx ∩ L}
|Vx ∩ L|

, u ∈ L,

if X ∩ L 6= ∅; set ρ̂V (u) = 0 otherwise.
Let X1

p, . . . , X
n
p be independent thinnings of X with retention

probability p.
Definition. Given some p ∈ (0, 1] and some n ≥ 1, the smoothed
Voronoi intensity estimator of the underlying intensity ρ(·) is
given by

ρ̂Vp,n(u) =
1

n

n∑
i=1

ρ̂V (u;Xi
p, L)

p
, u ∈ L.

Note that when p = 1, ρ̂Vp,n(·) reduces to ρ̂V (·) for any n ≥ 1.
Lemma. For a spatial point process X on linear network L∫

L
ρ̂Vp,n(u)d1u =

1

n

n∑
i=1

Xi
p(L)

p
.

Hence, when p = 1 we have preservation of mass, i.e.∫
L ρ̂

V
p,n(u)d1u = X(L). Taking expectations on both sides re-

sults in

E
[∫

L
ρ̂Vp,n(u)d1u

]
=

∫
L
ρ(u)d1u,

i.e., for any n ≥ 1 and p ∈ (0, 1],
∫
L ρ̂

V
p,n(u)d1u is an unbiased

estimator of E[X(L)].

Simulation study
To evaluate the performance of an estimator ρ̂(·) = ρ̂(·;X,L)
we consider the Mean Integrated Square Error (MISE),

MISE =

∫
L
Var(ρ̂(u;X,L)) + bias(ρ̂(u;X,L))2d1u.

Figure 2: Left: An inhomogeneous Poisson process with intensity function
3|sin(x/4)|. Right: Thinned simple sequential inhibition with retention prob-
ability p(x, y) = |x−3|
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To provide more detailed measures of performance, in
the numerical evaluations carried out here, we illustrate
V̂ar(ρ̂(·;X,L)) and b̂ias(ρ̂(·;X,L))2 separately using 500 real-
izations per model and p = 0.5 and n = 100.

Inhomogeneous Poisson process

Figure 3: Top: Squared bias of Voronoi (Left) and Resampled Voronoi in-
tensity estimate (Right). Below: Variance of Voronoi (Left) and Resampled
Voronoi intensity estimate (Right).

Thinned simple sequential inhibition
• The unthinned process has a total of 3000 points.

Figure 4: Top: Squared bias of Voronoi (Left) and Resampled Voronoi in-
tensity estimate (Right). Below: Variance of Voronoi (Left) and Resampled
Voronoi intensity estimate (Right).

Log Gaussian Cox process on the interval [0, 30]

Figure 5: A given realisation together with the corresponding esti-
mate ρ̂Vp,100(·), for p = 0.4, together with the true intensity ρ(x, y) =
exp{1.3 sin(0.5x) + 1/2}, the corresponding realisation of the random inten-
sity function Z(x, y) = exp{ξ(x, y)}, (x, y) ∈ L, and the original Voronoi
intensity estimate (p = 1). The points of the pattern can be found along the
x-axis.
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Discussion

We have proposed a general approach for resampling/additional
smoothing of arbitrary intensity estimators, which is based on
averaging over intensity estimators generated by a set of thinned
samples. The recipe has been applied to the Voronoi intensity es-
timator of point patterns on linear networks and its performance
has been evaluated on some different models such as inhomo-
geneous Poisson processes, thinned simple sequential inhibition
processes and log Gaussian Cox processes on an interval. In
practice, we observed that the new estimator produces lower
variance.

Moreover, we believe that its strength lies in that it filters out
sporadic/local features in order to accentuate the structural in-
formation contained in the sample.

One may also consider an edge corrected version of the Re-
sampled Voronoi intensity estimator.

Definition. For each boundary point u ∈ ∂L, find its
closest neighbour xu = argminx∈X dL(u, x). If βu =
minx∈X\{xu} dL(xu, x)/2 − dL(u, xu) > 0, extend L by a new
(set of) non-overlapping edge(s) connected to the node u, with
total length βu. Denote the resulting extended network by L̃(X)

and treat X as a LNPP on L̃(X). The edge corrected smoothed
Voronoi intensity estimator is given by

ρ̃Vp,n(u) =
1

pn

n∑
i=1

∑
x∈X i

p∩L̃(Xi)

1{u ∈ Vx(Xi
p) ∩ L̃(Xi)}

|Vx(Xi
p) ∩ L̃(Xi)|

, u ∈ L,

where Vx(Xi
p) are the Voronoi cells of the ith thinning.
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